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Non-integrable quantum phase in the evolution of a spin-1 system : a physical consequence of the non-trivial topology FTVRIER We have tried to write the paper in such a way as to make it self-contained and accessible to someone knowing no-more than elementary Quantum Mechanics ; as such, we hope that it may serve as a physicist's introduction to those concepts from fiber bundle theory which are useful for Quantum Mechanics [4] .
We begin, in section 1, by expressing the differential of the A.A. phase along an arbitrary path in state-space, E (p ), in terms of 4 angular variables which parametrize the set of pure state 3 x 3 density matrices. This is done using an elementary operator technique. Mathematically E (p ) coincides with the complex projective plane, P2(C) (it would be P,,(C) for a spin n/2 system). The A.A. phase may be understood mathematically in terms of a natural connection which allows one to parallely transport the phase along an arbitrary curve in P2(C). We shall make contact with the standard mathematical machinery of connections on line bundles in section 2 where our 4 physically motivated parameters will be shown to provide an especially convenient set of coordinates for P2(C) and in particular to provide a remarkably simple form for its natural metric and connection. The state I (t» = cos X 11 1&#x3E; + sin X 11 -1&#x3E; is built from the state 1 1 ) by applying the unitary operator V (X (t ) ) defined as :
The state [Q(t)) is obtained from If, (t » by application of the unitary operator associated with the rotation R (t ) given in equation (8) . We get finally the following expression giving I t/J (t) &#x3E; in term of the state ! 1 1 ) :
We are now in a position to compute the A.A. phase relative to a given closed circuit in the manifold E(p).
Using the conditions (11), we have :
We deduce that .0 = -k7r mod (2 7r).
Let us now compute 4, (t) I .f (t) &#x3E;. We have :
Using:
we get:
with:
Using the definition of V (X (t ) ) given by equation (13) one gets :
One immediately sees that l I IP(t)ll 1) = 0.
To get Q (t ), we write the action of the infinitesimal rotation R-Y (t ) dR (t ) on an arbitrary vector x as :
Then it follows (see the appendix) :
The computation of w (t ) is given in the appendix.
Remembering that [ $ (t )) = V (X (t)) 111) one can write 1 11 Q (t ) 11 1) as:
By construction the polarization of the state I;; (t) &#x3E; is along the z axis so that :
Using the results of the appendix one finally arrives at the following result for i B.p (t) I .j (t) &#x3E; : Calling for a moment 1 t/J) = I ç Z) = ç 1 Z) an ( 2 ) The mathematical interpretation of the Berry phase in terms of the holonomy of a U (1 ) bundle connection is due to B. Simon [2] . element of the fiber bundle, let us split its variation d 11/1 &#x3E; into two parts :
The vertical variation dy I t/J) is along the fiber, i.e. proportional to I Z) . So we can write dy I t/J) as :
where to (1) is a 1-differential form.
The horizontal variation is orthogonal to the fiber, i.e. :
Writting dH I t/1) as :
we obtained the 1-form co (1) [6] and [7] it constitutes a solution of Einstein equations with a cosmological term A in an Euclidian curved space. The total action being finite P2(C) can be considered as a gravitational instanton in close analogy with the Yang-Mills instantons. It is quite remarkable that such a mathematical structure turns out to be relevant to describe the physics of a system as simple as a spin-1 particle at rest.
In order to construct a ray representative I Z) whose parameters are closely related to the physical observables, on may directly use the result of the previous section. However, as we have already pointed out, the whole construction breaks down when p = 0.
To construct Z) it is convenient to introduce the set of state vectors I x), I y ) , z ) defined as :
(We shall also use the notation lxl) = x ) , Ixz) = lyl ' IX3) = I z).) By comparing with the equations (9) and (10) We recall that ei (t) were obtained from the unit vectors xi by applying the rotation R (t ) given by equation (8) . The role of the phase factor eia is to guarantee that A(T) = A (o ), when the density p (t ) is varied along a closed circuit in the time interval 0 * t --T, according to equation (11) .
The I-form úJ (1) associated with parallel transport is given in terms of A (t ) by :
To compute the differential dA it is convenient to write A
(t ) as R (t ) . Ao (t ) exp (i a ) with
The scalar product A * . dA reads as follows :
One verifies immediately that Ao* . dAo = 0. Using the results of the appendix for R -1 (t ) dR one gets :
The connection I-form ú) (1) reads :
The change of § when the vector I g Z) is parallel transported is :
The norm of I g Z) remains unchanged in the transport so that the phase shift is given by :
One recovers the formula (16) obtained in section 1 using an operator formalism.
To complete this section we would like to relate the parametrization used above to the discussion in [7] . The main point is that in both this paper and in reference [7] Euler angles are used but these correspond to 2 entirely different actions of two distinct subgroups of SU(3). In this paper we used the real SO(3) subgroup of SU(3) with respect to which A is a complex 3-vector. In [7] use was made of the SU(2) subgroup of SU(3) which acts only on the states 11 ) and 1 -1 ) for example but leaves the state 10) invariant. With respect to this SU(2) subgroup the quantities ,1 = C(I)/C(O), ,2 = C (_ 1)IC (0) behave as a spinor of SU(2). For physical purposes, regarding P2(C) as a spin-1 system, it is the diagonal SO(3) action which is important. In both cases the orbits of the group action on P2 (C ) are generically 3-dimensional so we can parametrize points in P2 (C) by 3 Euler angles, one further quantity labelling the orbits. In [7] the coordinate is r, in this paper it is y (or equivalently 8).
Since topologically PZ (c ) is not a product of SU (2) An arbitrary state time-dependent states I t/J (t)) can be written as I t/J (t) &#x3E; = I ç (t) Z (t) &#x3E; = ç (t) I Z (t) &#x3E; . Let us first show that the I-form t/J (t) I d I t/J (t) &#x3E; is proportional to the connection 1-form (ù (1) introduced in 2 :
For the physical situation where the time evolution of is governed by a Hamiltonian, I t/J (t» and I Z (t)) have constant norms so that w (') = 0 and t/J (t) I d I t/J (t» = 0 are equivalent statements.
In order to allow for an experimental verification of the theoretical ideas developed in this paper, it is necessary to construct a time-dependent Hamiltonian Hp (t ) which satisfies the two following conditions : i) for a given density matrix p (t ) which goes around a closed circuit in the manifold E(p ), HII (t ) must satisfy the quantum Liouville equation :
ii) the time evolution governed by HII (t ) corresponds to a parallel transport : or in terms of the density matrix :
As a first step we shall solve (37) considered as an equation for H(t ). As we shall see, there exists an infinite set of solutions, which can be related by transformations which bear a close resemblance with non-Abelian gauge transformations.
Let us perform upon the system described by p (t ) a time-dependent unitary transformation where is the unitary operator introduced in section 1.
The transformed density matrix po, such that p (t ) = X (t ) p 0 X-1 (t) is nothing but :
The evolution of the state I -Ao(t)) = X-1(t) 11/1 (t where ho (t ) is an arbitrary 2 x 2 Hermitian matrix.
To get an explicit expression for H(t) as given by (41) and (43), we have to evaluate iIL¥(t) X-1(t) :
The first term iIíU(R (t)) . U-'(R(t)) is computed in the appendix and found to be :
where the component of fl ?long the x, y, z axes are given explicitly.
The Hermitian operator ihV(X(t)). V-1(x(t))
is readily obtained from equation (13) :
Using the transformation law :
we obtain :
where ei(t)=R(t)Xi and Ho is given by (43 In the appendix we show that 11 = R (t ) 00. Remembering that p = R (t ) i, we have :
The parallel transport condition determines the real parameter coo(t) : but leaves the 2 x 2 matrix ho (t ) undetermined. If we exclude, for Ho, a form proportional to the unit operator, the simplest choice for Ho(t), compatible with the parallel transport condition, turns out to be :
The quantity X(t) Ho X-l(t) is readily evaluated by noting that Ho commutes with V (x (t)) and by using the transformation law (46). We arrive in this way to the following expression for Hp (t ) :
It is of some interest to rewrite HII (t ) in terms of the derivative of fi(t) = e3(t). We have :
Using the identity :
we obtain an alternative form for HII (t) :
If we limit ourselves to the quantum cycles which can be generated by Hamiltonians linear in S, the length of p remain constant so that the term proportional to X is absent. By making the further assumption that I p I = 1, the third term can also be ignored : the state I qi (t)) being of the form U(R (t)) 11 1 Noting the simple relation between R' (t ) and R (t ) = R (cp , 0, a ), fl (t) is obtained from ro (t) by performing the following set of transformations :
Using them one gets the components of n from those of w :
Finally we would like to prove the relation fl (t ) = R (t ) w (t ) which is not apparent in the above derivation. To do that we write dR x in two different ways :
The sought-for relation is obtained by simple inspection.
The quantities A i = co i dt, pI i = f2 i dt are left (respectively right) invariant one-forms on the group SO(3), sometimes called Maurer-Cartan forms.
Their exterior derivatives satisfy the following relations :
The above results allow an explicit evaluation of the Hermitian operators ihU-'(R(t)) O(R(t)) and i h &#x26; (R (t )) U-1 (R (t ) ), in terms of the spin operator S and the vectors 00, q. One first writes
Noting that and using the standard relation between infinitesimal rotation and angular momentum operator, one gets the sought for relation :
Following a similar procedure, one arrives easily at the second relation :
